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Abstract 

We apply the coset character identities (generalization of Jacobi’s abstrnse identity) to 
compact and noncompact Gepner models. In the both cases, we prove that the partition 
fnnction actnally vanishes dne to the spacetime snpersymmetry. In the case of the compact 
models and discrete parts of the noncompact models, the partition fnnction inclndes the 
expected vanishing factor. Bnt the character identities nsed to the continnons part of 
the noncompact models snggest that these models have twice as many snpersymmetry 
as expected. This fact is an evidence for the conjectnre that the holographically dual of 
the string theory on an actually singular Calabi-Yau manifold is a super conformal held 
theory. The extra SUSY charges are interpreted as the superconformal S generators. 



1 Introduction 


The supersymmetric compactification of the string theory is an important problem in both 
the phenomenological and the formal sense. The internal space of the compactification 
should be a manifold of a special holonomy if we want to preserve some of the spacetime 
sup er symmet ry. 

From the point of view of the worldsheet conformal field theory, the spacetime su¬ 
persymmetry implies that the toroidal partition function should vanish. For example, if 
we consider the string theory on the flat spacetime, toroidal partition function vanishes 
because of the Jacobi’s abstruse identity: the relation among Jacobi’s theta functions 

- e.irY - = 0. 

Let us use the affine so(8) characters The subscript “s”(= bas, vec, spi, cos) 

respectively expresses the basic, spinor, vector, and cospinor representation of so(8). Then 
the Jacobi’s abstruse identity can be written as 

This equation shows that the number of the bosons (in the vector representation of affine 
so(8)) is equal to the number of the fermions (in the spinor representation of affine so(8)) 
in each mass level. This is the result of the spacetime supersymmetry. 

Then, how about the compactification with a manifold of nontrivial special holonomy 
Ghoi? In []^, it has been proposed that the coset CFT so(8)/G'hoi is essential to the space- 
time supersymmetry. Especially, the character identity used to show that the partition 
function vanishes is 


XvecA ■■"(r)=xrp'Cr^"(r), (1.1) 

where A is a representation of level 1 affine Ghoi and ("t) is a coset character. 

Each character identity of the case Ghoi = su(2), su(3), G 2 has been found previously 
in 1^-^. Many other character identities related to SU(2)/U(1) coset models have been 
found in [Q. 

In this paper, we consider the noncompact Gepner models [f7|-[I^. The partition func¬ 
tions of the models in 0,H,|T^,^ have been already shown to vanish in each paper. But, 
the models in p,|T^ have not yet been shown to have vanishing partition functions. In 
this paper, we show these partition functions actually vanish because of the character 
identity (|1.1D. 

Among these models, the continuous part of the noncompact Gepner models includes 
larger coset models than expected from their holonomies, as we show in this paper. That 
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is, the partition function of the noncompact Gepner models of an ALE compactihcation 
includes the affine so(8) itself, the partition function of a Calabi-Yau 3-fold compactih¬ 
cation includes the coset so(8)/su(2), and the partition function of a Calabi-Yau 4-fold 
compactihcation includes the coset so(8)/su(3). This fact is an evidence for the conjec¬ 
ture that holographically dual held theory of the string theory on an actually singular 
Calabi-Yau manifold is a super conformal held theory Big. Generally, a supercon- 
formal theory has the super conformal S generators besides the ordinary Q generators. 
The extra spacetime supercharges in the singular Calabi-Yau models correspond to the 
superconformal S generators of the dual superconformal held theory. 

The organization of this paper is as follows. In section |^, we review the character 
identities. In section we treat the compact Gepner models. We show that a com¬ 
pact Gepner model includes the appropriate coset models. In section we treat the 
noncompact Gepner models. The last section ^ is devoted to conclusions and discussions. 

2 Character identities 

In this section, we review the character identities of eq. (B and their properties. 

The coset GET so(8)/Ghoi is essential to the spacetime supersymmetry of a superstring 
compactihcation with a manifold of special holonomy Ghoi- The character of this coset 
GET is dehned by the branching relation 

= ( 2 - 1 ) 
A 

In order to express the character identities shortly, we dehne the vanishing functions 
as 


fGhoi ^ so(8)/Ghoi _ so(8)/Ghoi 
SA A,vec,A ^spi,A 

This function express the diherence between the number of bosons and the number 
of fermions. By using this function the character identity (|1 . 1|) can be written as 

= 0 . In order to consider the hat case as in the same manner, it is useful to denote 
^{ 1 } — Xspf^- The Jacobi’s abstruse identity can be written as = g. With 

these notations and the branching relation ( |2.1|) , we obtain the equation 

( 2 . 2 ) 

A 

The left hand side of this equation vanishes due to the Jacobi’s abstruse identity and this 
is an evidence for the character identities = 0 . 
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The modular transformation laws of these functions are necessary in order to construct 
modular invariant partition functions. The modular properties of become 


+ 1 ) = 




fl‘l(-l/T)=fl'l(r), 


where e[a;] := exp(27ria;). By using these formulae, the modular properties of can be 
read from the branching relation ( p.2|) and they become 


+ 1) = e 


-hx + 




where h\ is the conformal dimension of the representation A, is the central charge of 
the level 1 affine Ghoi, and is the modular S matrix of the level 1 affine Gh 


fhol- 


Note that the relation (1^) is satished not for all Ghoi and embeddings. It is clear 
that when Xve'c,A 7^ 0 Xspi^l = 0 or vice versa from the selection rules, the relation 
( p..l|) is not satisfied. 

In this paper, we treat the cases Ghoi = su(2),su(3), and G 2 . In these cases, the 
relation (p..lD is satisfied. Let us see the relation explicitly for each case. 


2.1 su(2) holonomy case 

The integrable highest weight representations of the level 1 affine su(2) are the basic 
representation and the fundamental representation. We denote these two representations 
by a = 0,1, respectively. Then, the vanishing function becomes 

C® = 4 (2-3) 

^ seZ4 

^su(2) _ g jg theta identity found in 

Actually, is related to ■ We can prove the identity for the su(2) holonomy 
by using the result of the identity for the su(3) holonomy. We mention this proof in the 
next subsection after we see the form of the 


2.2 su(3) holonomy case 

The integrable highest weight representations of the level 1 affine su(3) are the basic, 
the fundamental, and the conjugate fundamental representation. We denote these three 
representations by a = 0,1, —1, respectively. The explicit form of the can be written 
as 

C"” = 4 (2.4) 

' seZ4 
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The identity = 0 is found in 

We can prove the character formula = 0 by explicit calculation. By using the 
product formula (|A.2|) and Qrn,k{T) = &-m,k{T) , can be written as 


1 


E(-l)'©6-4a+3s,60.,2 = E ^ 


V 


jjZ 


-12+8a+24r,96 




-2+4(s+r-a+2),8- 


50^4 rGZs 

In this equation, the second sum vanishes because of the equation 


E](~l)*0-2+4(s+r-a+2),8 — (~1)^ “(©-2,8 “ ©2,8 + ©-6,8 “ ©6,8) — 0. 
seZ4 


We can conclude that the identity = 0 is actually satished. 

As mentioned in the previous subsection, we can write the relation between ® = 

— 1, 0,1 and a = 0,1 as 


fsu(2) 

Ssa 


fe=-l,0,l 


03a+2fe+l,3 

V 


fsu(3) 


By using this formula and the proven identity = 0 , we can prove the character 

identity = 0- 

The and the are also related. We express this relation in the next subsection. 


2.3 G 2 holonomy case 

The integrable highest weight representations of the level 1 affine G 2 are the basic and the 
fundamental representation. We denote these representations by a = 0,1, respectively. 
The explicit form of the can be written as 


tG2 _ .. .Ising Tri , Ising Tri _ Ising Tri 

50 ~ Ai /2 AO “T AO A 3/2 Ai /16 A 7 /I 6 ’ 

tG2 _ Ising Tri , Ising Tri _ Ising Tri 

51 — Ai/2 A3/5 “t AO Al/10 Ai/io A3/805 


where the and x'^‘’s are the Virasoro characters of the Ising and tricritical Ising 

model, respectively. The explicit forms of these characters are shown in the Appendix 
A.3| . The identity = 0 is found in [Q. 

As mentioned in the previous subsection, and are related by the equations 


^su(3) aG 2/^3-Potts I /^G 2 /^3-Potts 

SO ~ so ^0 “T SI ^5/2 5 

(-su(3) aG 2/^3-Potts I /^G2/^3-Potts 

s±i ~ so ^2/3 SI ^ 1/15 5 


where (^^-Potts^g characters of the 3-state Potts model. The explicit forms of 

these characters are shown in the Appendix A-3 . 
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3 Compact Gepner models 


In this section, for a warming up, we show that the partition functions of the compact 
Gepner models for Calabi-Yau 3-fold compactihcations include ■ This fact is shown 
in [Q| by spectral flow method. In this paper, we use another method of construction — 
beta method . 

The Gepner’s construction is as follows. We will work in the lightcone gauge. Then, 
the total central charge should be 12. We consider the model with 4-dimensional flat 
spacetime, then we need c = 9 theory for the internal space. The direct product of A/” = 2 
minimal models is used to this internal space. The total theory in lightcone gauge includes 
R of the M = 2 minimal models (internal space), and 2 pairs of free bosons and fermions 
(transverse directions of spacetime) 

10)2 


X X ■ • • X M, 


Nri 


where stands for the level (iV — 2) M = 2 minimal model. Since the total central 
charge should be c = 12, the following relation holds 

R 


1 + 


iV, 


i=i 




= 4. 


Now, let us construct the modular invariant partition function, by following [jT^. Let 
us define the characters of the total theory as 

R 

xiir, z) := {r, z) JJ (g z), 

i=i 

where Xso*'^^(t, z) is the character of the affine so(2) constructed from the two free fermions 
of transverse directions of spacetime, and each {r, z) is the contribution of the 

jth minimal model. A and fi are vectors of labels dehned as 

A := {ii ,. . ., Er), 

fi := [sq] Si,..., Sr] mi,, mR). 

Next we introduce an inner product between two p’s as 


R 




i=o 


R 


mjm- 


2W 

j=i J 


We also introduce {3 vectors, which is the same type vector as p, defined as 

/?o:=(l; 

/3,■:=(2;0,...,0,2,0,...,0;0,...,0), {j = l,...,R). 

Si 
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By using these notations, the GSO condition (the total U(l) charge is to be odd 
integer) and the condition of spin structure (all sub-theories are to be in NS sector, or all 
to be in R sector) can be written as 


2/^0 ■ /i e 2Z -h 1, Pj ■ ^eZ, j = (3.1) 


We can only use the modules satisfying the condition ( |3.1|) to construct the partition 
function. We call this constraint o “beta constraint”. 

Let us dehne the “orbit” of the character F^{t, z) for p’s satisfying the beta constraint 
( p.l|) by the equation 


Fi(T,z):= Y, (- 1 ) 




X 






where K := lcm(A(j',2). 

By using this the partition function can be written as 


Z(r,T) 


1 

7^ 


1 

4^2R: 


beta 


Aj/i. 


where the factor 

beta 


1 


■2 is the contribution from the two free bosons of flat spacetime. The 


sum means that the labels satisfy the beta constraint (|3.1|) . Since there is spacetime 


A,/i 

supersymmetry, this partition function should vanish. For the partition function to vanish, 
the orbit F^(r, 0) should also vanish. 

Because this Gepner model is a solvable realization of a Galabi-Yau compactihcation, 
we expect the is decomposed by , which mean, for some functions F^^^{t), we 

can write 


aeZs 

where z dependent (r, z) is dehned simply as 


(3.2) 


= — 5^(-l)"06+4a-3«,6(B^)0s,2(B2:)- 




seZ4 


It reduces to the dehnition (^) when we set z = 0. 

Now, let us show the decomposition (|3.2|) and calculate the branching function F^^^{t). 
To do this, the product formula of the multiple theta functions is useful. This formula 
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can be written as 


R 




i=i 

B 


r^l^k 


) ; 


{mj}-,{kj}KU ■ Z^^r-Y:jkjnjfi Q 

{Uj} 

5 z-=n 5 Z’ 

j=l {rij} j=lnj£Z 


(^^3 + 2kj ) 4fc [X]3(™'J+2fcj%)] 


(3.3) 


where q := e[r]. By nsing the formula (^) and formulas in appendix we can show the 
decomposition (|3.2|) is actually correct and the branching function F^a(r)’s are calculated 
concretely 


= hW Y1 


bj GZ2 


1 (I—^0—2 6 j+i ’ 


R 


;= 2 


R 




(^i-2)b 


,(-)E E ^ 


2Ku I 

{2KQj{mj,sj)};{2KJj{Nj-2)}^ 




{rj} vqSZ j=l 


{pjj 


X 




2EIL1 Qj(mj,Sj)+4ii-so-2(6'Uo+2ii+l),0 ’ 


N, 


E =n E . E=nE. 

{rj} i=i rjeZjVj,_2 {pj} i=ipjeZj^. 

Qj^TTij, Sj) := rrij/Nj — Sj /2 + 2 rj + 2pj(Nj — 2). 

The detailed calculations are shown in appendix p. 

We have shown that the Gepner model includes the so(8)/su(3) CFT in the appropriate 
form. Especially, by using the character identity 0) = 0 the decomposition 

( fj.2D we have shown the identity F^{t, 0) = 0, and the partition function actually vanishes 
as expected. 

We apply the same procedure to the models of |P,|T^ in the next section. 


4 Noncompact Gepner models 

Let us proceed to the noncompact Gepner models. Each of the noncompact Gepner 
models includes the continuous part and discrete part due to its noncompactness. 

We consider each parts below, and show their partition functions actually vanishes by 
using the character identities. For the continuous part, it seems that they have twice as 
many supersymmetry charges as expected from their holonomies. On the other hand, the 
discrete part seems to have just the same amount of the supersymmetry as expected. 






4.1 Continuous part of the noncompact Calabi-Yau 4-fold com¬ 
pact ificat ions 


We consider the continuous part of a noncompact Calabi-Yau 4-fold compactification in 
this subsection. We show the partition function includes the , which suggests this 
compactification has twice as many supersymmetry charges as expected for the Calabi- 
Yau 4-fold. 

First, we construct the partition function by the beta method, following [^. In order 
to save the notations, we use the same notations of the beta methods for the various 
compactifications. 

The total theory is the direct product of the Af = 2 Liouville model, and R of minimal 
models with levels {Nj — 2), j = 1,R . We define the integer K as K = lcm{Nj, 2), 
and the integer J as = ^ , where Q is the Liouville background charge. The total 
character becomes 


xUrz) = 


Qmo,jcj(T, 2z/K) 

7]{t) 


R 

n 

i=i 


A,mj 


'{rz), 


A (£ 1 ,. . ., Ir), 

/i := (so; Si,..., Sr] mo] mi, ..., m^j). 


where is the character of 2 fermions in the M = 2 Liouville model, and ®”^o^kAt, 2 z/k) 
is the character of the boson in A/" = 2 Liouville. We also dehne the inner product 
between two fi vectors as 

/ _ 'SqSq ^ Sjs'j ^ mpm^ mjm'j 

2KJ ^ ^ 2Nj 

j=i j=i J 

We use the beta vectors to construct the modular invariant partition function. The beta 
vectors are defined as 


(3o:= 

/3,- := (2;0,...,0,2,0,...,0;0;0,...,0), {j = l,...,R). 

The GSO condition, and the spin structure condition can be written as 
2j3o ■ /i G 21j -|- 1, Pj ■ fi E. 'Zd, (j = 1,..., R). 


(4.1) 


Let us call the above constraint “the beta constraint”. The orbits are defined for fi vectors 
which satisfy the beta constraint (|4.1|) as 

bo&2K jbj£ld2 


9 







Using these notations, we can write down the modular invariant partition function 


Z 


1 1 
^|r7(r)|2 4^2ir 


beta 


EiUwit 


beta 


where the sum is taken under the beta constraint (|4.1|) . This partition function 


can 


A,/i 

be checked to be actually modular invariant 0. 

The spacetime supersymmetry implies Z = 0 or equivalently = 0 for A,/r 

satisfying the beta constraint. We prove this identity by showing the decomposition 


F^{r ,.-) = 5^ z), (4,2) 

aeZs 

is possible for some branching function 

We can show the decomposition is actually possible and obtain the branching function 
concretely 


=vi^) 


<4—SQ—2 fej + 1 ^ 


R 


:= 2 


E E 

{r j},{Pj} \j-l 


iNj-2y,ij 


(M) E ^ 


2Ku 


{2ii-Q3};{Kj}(''')'^2 5:jL(,Q3+4«-so-2(6i;o+2'U+l),0> 


where the are the branching functions of theta functions dehned by 

eq.(|3.3|). We also use the notations 


Kj := 2KJj{Nj — 2), Kq := AKJ, 
Q,:=^-| + 2r, + 2p,(iV,-2), 

E =Enf E e). 

{Fj},{Pj} P06Z2 i=l \rj&Nj- 2 Pi&'^jj J 


Qo ■— + 2Jpo, (j — ■ ,R), 

Jj = K/N^. 


The decomposition and the identity = 0 lead to F^{t) = 0 and Z = 0. 

Actually, the partition function includes as shown eq. o and this fact suggests 
that this compactihcation have the same amount of supersymmetry as Calabi-Yau 3-fold 
compactihcations, which is the twice as large amount as the Calabi-Yau 4-fold compacti- 
hcations. This is an evidence that the holographic dual of this singular compactihcation 
is a super conformal held theory |T^. The extra SUSY generators are superconformal S 
generators in the superconformal held theory. 
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4.2 Continuous part of the noncompact Calabi-Yau 3-fold com¬ 
pact ificat ions 

We can perform the similar decomposition for the continuous part of a noncompact Calabi- 
Yau 3-fold compactihcation. 

First, we construct the modular invariant partition functions by the beta method. The 
characters, /i vectors and the inner product between them are dehned as 

K0‘^ 

K :=\cm{N,, 2), J 

xl{T,z) = x"? (t. >-) ^), 


7]{t) 

A ;= {ii ,..., iji), 

h • ('®—1) '^0) • • • ) ^Oj ^1) ■ ■ ■ ■) 


i=i 


/i ■ p : = 


sqSq Sjs'j morriQ rrijm'j 

~ 2KJ 


4 ^4 

t=i 


i=i 


2W 


Here, the Xs°}i\t,z) is the character of two free fermions in transverse spacetime direc¬ 
tions, and (r, z) is the character of the two free fermions in A/” = 2 Liouville theory. 
The beta vectors are also defined as 

/3o:=(l,l;l,...,l;-J; 

/3_i:=(2,2;0,...,0;0;0,...,0), 

f3j:= (0,2;0,...,0,2,0,...,0;0;0,...,0), (j =-1,1,..., i?). 

Si 

The beta constraint can be written as 


2/3o ■ p G 21 j -|- 1, /3j ■ p G Z, (j — —1,1,..., /?). 

The orbits and the partition functions can be written as 

■= X^+;,o/3o+fe-l/9-l+EYib/9i^^’ 


SQ+bo 


hQ^1i2K ■>^—l^'^2-,bj €^2 


beta 


Z{T,f) = (v^|r/(r)|2) 


A,/i 


where (v^lh('^)P) ^ is the contribution from the two free bosons in the transverse space- 
time directions and the linear dilaton in the M = 2 Liouville theory. 
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The spacetime supersymmetry implies Z = 0 and F^{t, 0) = 0. We prove this fact by 
showing the decomposition 

aeZ2 

for some branching function Here we use the 2 ; dependent (r, defined as 

seZ4 

These reduce to the functions dehned in eq. ( |2.3| ) when we set z = 0. 

The branching functions are obtained as follows. 


FU-) = EE 


{bj} VGZ 2 


^0 


R 


:= 2 


E E 

Vi=l 


iNj-2y,ij 


r 


E^ 


2Ku I 

{2KQjy,{nj}' 




uGZ2K 

2 XI Qj-\-4:U—s—i—SQ—2{4:VQ-\-2v-\-l),0'> 


X Sr, 


where the are the branching functions of theta functions dehned by 

eq.(|3.3|). We also use the notations 


Kj := 2KJj{Nj — 2), Kq := AKJ, 


Tfl' S 

Qj '■= -jrr “ if + + “^PjiNj — 2 ), Qo := + 2 Jpo, (j = 1 ,..., i?). 


mo 


iV, 2 


R 


E =En E E 

Po6Z2i=l \rjeZN--2Pj&Ji 


K 


J, = KIN, 


The decomposition and the identity = 0 lead to F^{t) = 0 and Z = 0. 

In the case of the continuous part in a noncompact Calabi-Yau 3-fold compactihcation, 
the result suggests that this system has the same amount of supersymmetry as the Calabi- 
Yau 2-fold compactihcations. The extra supersymmetry charges seem to correspond to 
superconformal S generators in the dual super conformal held theory. 


4.3 Comments on the continuous part of the noncompact Calabi- 
Yau 2-fold compactihcations and G 2 compactihcations 

As for the continuous part of a noncompact Calabi-Yau 2-fold compactihcation (an ALE 


compactihcation), it is shown in that the partition functions of all models of this 
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type includes the and vanish due to the Jacobi’s abstruse identity itself. This result 
shows that the models of this type have the same amount of the supersymmetry as the flat 
10-dimensional model, that is, twice as many supersymmetry as the ALE compactification. 
This fact is consistent with the conjecture that an actually singular ALE compactification 
is holographically dual to a 6 dimensional superconformal held theory. 

We also comment about the noncompact G 2 holonomy models obtained in |p. The 
partition functions of these models include the . This fact suggests that these models 
have twice as many supercharges as expected for a G 2 compactihcation. For this reason, 
these actually singular models should be also holographically dual to 3-dimensional su¬ 
perconformal theories. 

4.4 The discrete part of the ALE compactifications 

In the noncompact theory, besides the continuous part of the spectrum which we treat 
in previous subsections, there is the discrete part of the spectrum. In this subsection, we 
consider the discrete part of the spectrum of ALE models [p!^] . 

We use the character of the SL(2,M)/U(1) Kazama-Suzuki model. The character of the 
discrete series of the SL(2,M)/U(1) Kazama-Suzuki model summed through the SL(2,M) 
spectral flow orbit can be written as 

= ^2 22-2-4r{'^)^-2m-Ns+4Nr,2N{N+2){T, Z/N), 

reZjv-2 

where Cm^’^(T) is the “SL(2,R) string function”. The explicit form of this string function 
is written in but we do not need it here. 

Again, we construct the partition function by the beta method. We use the following 
notations 


K 

:=lcm(A2), J : = 

--K/N, 


xi 



A : 

= (^ 1 ,^ 2 ), h := (s- 

-I5 So! S] 

_, S2;mi,m2), 

/^- 

/ SoSq 

sis'i 

S 2 S 2 mim[ 

^44 

4 

4 2N 

Po 

:= (1,1; 1,1; 1,1), 

P-i-.= 

(2, 2; 0,0; 0,0), 

A 

:= (0,2; 2,0; 0,0), 

/?2:=(0,2;0,2;0,0), 


+ 


m2m2 
2N ’ 
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The orbit and the partition fnnction can be written as 


: = 


X^+bol3o+b-il3-i+bi/3i+b2/32(^^^)i 1 ) 

bo£Z2Kt b-i,bi,b2&2 

^ beta 


so+bo 


z = {V^\v{'r)\‘^) 


2^-2 


2n^2K 


Ei^, 


A|2 

/I I • 




We can again show Z = 0, = 0 by showing the decomposition 


( 2 GZ 2 


The F^^{t) can be written as 


:= 2 


{bj} v£l,2 

I Y1 Ki-.i-4n(^)C™,-.2-4r-2(^)) 

{rj},{Pj}vo&Z 

^ Bl2KQj}-,{Kj}i'^)^‘2(Qi+Q2)+iu-s.i-so-2(4vo+2v+l)fi- 

UGX 2 K 


Here we nse the notations 


Ki:=2KJ{N + 2), K 2 := 2KJ{N - 2), 

Qi ■= —^ — — + 2ri + 2pi{N + 2), Q 2 := — — — + 2r2 + 2p2{N — 2). 

In contrast to the continnous part, the discrete part seems to have just the same 
amount of the supersymmetry as expected for an ALE compactification. This is because 
the discrete part exists only in the theory of deformed singularity, and the holographic 
dual theory is relevantly perturbed and does not have conformal symmetry BQ- 


5 Conclusion 

In this paper, we show the partition functions of several supersymmetric string models 
include the coset characters with their vanishing forms. We have shown that all the 
partition functions of the supersymmetric models treated here do vanish. 

The compact Gepner models and the discrete part of the noncompact Gepner models 
include the appropriate characters with their supersymmetry. But the partition functions 
of continuous part of noncompact Gepner models look as if they have twice as many super- 
symmetry as expected. We claim that this fact shows the holographic dual of an actually 
singular compactification is a super conformal field theory, and the extra supercharges 
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correspond to super conformal S generators in the holographic dual superconformal held 
theory. 

On the other hand, the discrete part exist only in the deformed singularity, and the 
holographic dual theory is no longer conformally invariant and has renormalization group 
how. This is why the partition function of the discrete part includes just the same amount 
of the supersymmetry as expected. 
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A Theta functions and characters 


In this appendix A, we collect several notations and summarize properties of theta func¬ 
tions. We use the following notations in this paper; 


e[a;] := exp(27ria;), 


rmod N . 



(m = 0 mod N), 
(others), 


where m and N are integers. For a function f{T,z), we sometimes use abbreviated 
notation 

/ := /(^) := = 0). 


A.l Theta functions 

A set of SU(2) classical theta functions are dehned as 

nGZ 

with q ;= e[r], y := e[z\. We often uses the formulas for integer m, k^p 

^ ^m+2kt^pkij~ ? ^/ P)• 

We also use the following product formula of the theta functions 


(A.l) 


Omi,/ci ij~ 1 Om 2 ,/c 2 1 "^2) E ^m2ki—mik2+2kik2r,kik2{ki+k2)i,'^j ^) Omi-|-m 2 + 2 fc 2 r,fci-|-fc 2 


u = 


Z2 - 2:1 


V = 


kiZi + ^2^2 


ki + /c2 ki -\- k2 

The Jacobi’s theta functions are also dehned in our convention 


(A.2) 






\02{t,z) := 






1^2 




«"-l) 


1^2 


» 4 (t,z) := 


tiGZ tiGZ 

The above two kinds of theta functions are related through a set of linear transformations 

200,2(t z) = 6'3(r, z) + 04 (t, z), 20i,2(t z) = 02(r, z) + i6'i(r, z), 

202,2(t, z) = 6^3(r, z) - 6*4(r, z), 203,2(t z) = 92 {t, z) - i6'i(r, z). 

The Dedekind rj function is represented as an inhnite product 

00 

V{r) := JJ(1 - g”). 

n=l 
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A.2 J\f = 2 minimal models 


The unitary minimal models of the M = 2 superconformal algebra is labeled by an 
integer A; = 1,2,3,... . Instead of k we mainly use the “dual Coxeter number” of ADE 
classihcation N = k + 2. The Verma module of the level {N — 2) minimal model is labeled 
by a set of three integers (£, m, s) 


£ — 0, 1, ... , N — 2, 7Tl E: Wj2N) "S £ ^4) 

£ + m + s = 0 mod 2, s) = {N — 2 — ^,m + N, s + 2). 

We introduce a character of a Verma module (£,m,s) in the level {N — 2) 

minimal model. The form of the character z) can be written as 

(r, ^ cif_“5i02m+iV(-s+4r),2iV(iV-2) (A z/N) , 

TGZiV-2 

where are the string functions of the level {N — 2) affine SU(2), dehned by the 

branching relation 


SU(2),{N-2)( 


(t^) 


C^^’^(^)0m,V-2(r,^). 


In this equation, 2 ;)’s are the level k affine SU(2) characters expressed by the 

Weyl-Kac formula 


SU{2),(k) 


(a 2:) 


0£+i^fc+2('r, z) - 0_£_i^fc+2('r, z) 
01,2(^,2:) - 0-i,2(r, 2:) 


A.3 Virasoro minimal models 

The unitary minimal models are labeled by an integer m (m = 3,4, 5,...). Its central 
charge is given by a formula 

1 6 

c = 1-;--. 

m[m + 1) 

The Verma modules of each minimal model is classihed by integers r, s in the regions 


r = 1, 2,..., m — 1, s = 1, 2,..., m, with ms < (m + l)r. 

The conformal dimension of the primary field is specified by the set (r, s) and is evaluated 
as 

^ {(m + l)r — — 1 

^ 4m(m +1) ■ 
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The characters of these minimal models can be expressed for the primary held labelled 
by (r, s) 

Xr,s ms,m(m+l) (^) 0(m+l)r+ms,m(m+l) (^) }■ • 

We use m = 3,4, 5 minimal models in this paper. The details of properties of these models 
are listed in the following table: 


Ising model 


, ^ , 1 , 1 
hi,i — 0, ^2 1 — hi 2 — —• 
z ib 


We write the Virasoro characters for this model as 


Tricritical Ising model 

, ^ , 7 , 1 , 3 , 3 , 3 

hi,i — 0, ^ 2,1 — —, hi 2 — —, hi 3 — h 2,2 — —, hs 1 — 

lb lU 5 8U / 

We write the Virasoro characters of this model as 

3-state Potts model (c = |) 

2 7 2 1 

hi,i = 0, h 2 ,i = ha^i = hi_3 = h4^i = 3, h2,3 = —. 

The notation is used for Virasoro characters for this Potts model. But we 

mainly use IT 3 characters constructed from those of the Potts model 


/^3-Potts 3-Potts I 3-Potts 

'-'0 — Xo + X3 ! 

/^3-Potts 3-Potts 

^2/3 “ A2/3 5 


/o3-Potts _ 3-Potts I 3-Potts 

^2/5 — X2/5 + X7/5 y 

/^3-Potts _ 3-Potts 

^1/15 “ Al/15 


The standard modular invariant partition function of the 3-state Potts model can 
be described by using these IT 3 characters (^^-Potts^g 


Z = 


+ + 2|Cf/-3P°«f + 


A.4 Level 1 so(2r) WZW models 

We denote the character of the level 1 affine so(2r) as Xs‘^‘^^\t), s = 0,1, 2, 3. The explicit 
forms are given as 


xt"'\r) = + e,(Tr), 

1 

so(2r) / \ so(2r)/ \ ^ n f \r 

X,' 'W = X3' = ■ 


xr‘''’M = ^^(93(rr-94(Tr), 


We sometimes use the z dependent character of the level 1 affine so(2) 

so(2)(' \ _ z ) 
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B Detailed calculations 


We show here the detailed calculations of the decomposition, in the case of the compact 
Gepner model treated in section |^. We use here the notation of the beta method in section 
The other models treated in this paper can be calculated in almost the same manner. 
First we show the product formula of multiple theta functions 


i=i {uj} 


"by = y q 


E' 

{Uj} 


If we insert the identity 


1 = 


R 


Jkn+r-Y,j kjrijfii 
neZ, rSZfe j=l 


^ •= 


then the product becomes 

R 


ne 

i=i 


mj,kj\Ti Z) 


EEE ^kn+i — 


G Mn+ 


y 


reZfc nSZ {uj} 






k[n+^Z^ 


rEZfe nEZ 




)-E'5' 


kn+r—"^. kjUjfl Q 


E,fcd% + 2fc7 -Hn+ 


2 / V- I O \ 2 

E 7 "^ 7 + 2 t’' 


{%■} 


If we shift Uj —> rij + n, rewritten as 




E'5- 

{Uj} 

E^: 

{rij} 


-'LnkjUjfi q 


J2jkj(^nj+n+^'^ -k(^n+ 


Ejm-+ 2 r 


r-Y,j kjUjfl q 


Ey kj ^>T.y+2fc^. ^ 4fc [Ej(”^y+2fey>T.j)] 


This -®{m 2 } {fc 2 }('^) actually independent of n. Then, the product becomes 


R 




i=i 


reZfc 


This is the product formula (|3.3|). If iF is a common divisor of {fcj}. 


^{m,.};{fc,}(^) =0, if r ^ 0 mod K. 
Then the product formula becomes 

R 

i=l 
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Note that for any a G M the relation 


ryr _ ryr 


is satisfied. 

Let us proceed to the branching function of the orbit. The character of a A/” = 2 
minimal model can be written as 


^ C'^.-s'-irji^)^2mj-NjSj+4Njrj,2Nj{Nj-2){T, Z/Nj) 

rj&N^-2 

= X] X] ^2K[raj/Nj-Sj/2+2rj+2pj{Nj-2)],2KJj{Nj-2){T,z/K). 


rGZj^_2 


PjGZj 


Here, we use the formula (|A.1|) The total character becomes 


R 


xiir, z) = xTo^^\r, z) JJ {r, z) 


i=i 


= xTo^^^r, n 

{rj} J=1 {pAJ=^ 


- Xs 7 ~' lA n ^2K[m^/N^-s^/2+2r^+2pj(Nj-2)],2KJ^(Nj-2) (t, zjK) 


If we use the product formula of multiple theta functions and “ 2) = 6iL^, 

the total character becomes 


R 


{Nj-2y/j / t^2Ku 

.j—Sj—\rj\ ) / j / j -^{2K[mj/Nj — Sj/2-\-2rj-\-2pj{Nj—2)]};{2KJj{Nj—2)}^ 
{rj} j=l {pj} uGZ^k 


xl (t z) = xTj-^^ n ^ 




xQ2Ky2i[mj/Nj-Sj/2+2rj+2pjiNj-2)]+4Ku,6K^{T, zjK) 


Let US define Qj{mj,Sj) = rrij/Nj — Sj/2 + 2rj + 2pj{Nj — 2), then this is the charge 
contribution of the jth minimal model modulo 2. We can calculate the sum 


^ ^ Xp+Aaol3o 
ao£'Ej^j2 


9 ^ ^ W+4ao/3o 


aoSiZii 




d^i- 2 );L 


{2KQj{mj,Sj)}-,{2KJj{Nj-2)}i''') 


{rj} J=1 {pj} ueZsK 

X ^2K'£jQj{'m,j,Sj)-12Ka+iKu,6K^{T, z/K) 


ao&^K 

= ^ (t, (^) J2 J2 ^ 

{rj} i=l {pj} U& 3 K 

X ©2^;^. Qj(mj,Sj)+4u,6('^) ^)) 


2Ku ( \ 

{2KQj(mj,Sj)}\' ) 
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where we use the formula ( |A.lj) . Due to the GSO condition, the sum of the charge 
'Yj- Qj{mj, Sj) — sq/2 = (odd), and the following identity is satished. 


1= E 


Qji'mj,Sj)+4u-so-2{6vo+2v+l),0- 

Using these formulae, we obtain the sum 

^i+4ao/3o = 0.o+4^+2,6 ( t ^ z ), 

ao£^K/2 

^ R 


A TT 


:= 2 




{rj} uqSZ j=l 


{pj } 


2Ku 


{2KQj {rrij ,Sj)}-,{2KJj {Nj —2)} 


j) 


^ . Qj{m,j,Sj)+4u-so-2{6vo+2v+l),0- 


This satishes the relation 

«i+co^o,^ = «^,^-+co> for Co e Z. 

By using this relation, we obtain the sum 

(-l)"“^*“Tj+co/3o+4ao/3o(U2;) = 

C0GZ4 aoGZ^/2 aGZa 

and the decomposition of orbit becomes 

aSZs 

^p,ai'^) Vi'^) ^ ^ a-so-2y; . fej+l("^)- 


bj GZ 2 


Also in the case of the noncompact Gepner models, we can decompose the orbit 
almost the same manner. 


in 
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